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DEFORMATIONS OF Q-CURVARURE I
YUEH-JU LIN AND WEI YUAN
Abstract. In this article, we investigate deformation problems of Q-curvature on closed
Riemannian manifolds. One of the most crucial notions we use is the Q-singular space,
which was introduced by Chang-Gursky-Yang during 1990’s. Inspired by the early work
of Fischer-Marsden, we derived several results about geometry related to Q-curvature. It
includes classifications for nonnegative Einstein Q-singular spaces, linearized stability of
non-Q-singular spaces and a local rigidity result for flat manifolds with nonnegative Q-
curvature. As for global results, we showed that any smooth function can be realized as
a Q-curvature on generic Q-flat manifolds, while on the contrary a locally conformally flat
metric on n-tori with nonnegative Q-curvature has to be flat. In particular, there is no
metric with nonnegative Q-curvature on 4-tori unless it is flat.
1. Introduction
In the theory of surfaces, the Gauss-Bonnet Theorem is one of the most profound and
fundamental results: ∫
M
Kgdvg = 2piχ(M),(1.1)
for any closed surfaces (M2, g) with Euler characteristic χ(M).
On the other hand, the Uniformization Theorem assures that any metric on M2 is locally
conformally flat. Thus an interesting question is that whether we can find a scalar type
curvature quantity such that it generalizes the classic Gauss-Bonnet Theorem in higher di-
mensions?
For any closed 4-dimensional Riemannian manifold (M4, g), we can define the Q-curvature
as follows
Qg = −
1
6
∆gRg −
1
2
|Ricg|
2
g +
1
6
R2g,(1.2)
which satisfies the Gauss-Bonnet-Chern Formula∫
M4
(
Qg +
1
4
|Wg|
2
g
)
dvg = 8pi
2χ(M).(1.3)
Here Rg, Ricg and Wg are scalar curvature, Ricci curvature and Weyl tensor for (M
4, g)
respectively.
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In particular, if Wg = 0, i.e. (M
4, g) is locally conformally flat, we have
(1.4)
∫
M4
Qgdvg = 8pi
2χ(M),
which can be viewed as a generalization of (1.1).
Inspired by Paneitz’s work ([34]), Branson ([6]) extended (1.2) and defined the Q-curvature
for arbitrary dimension n ≥ 3 to be
Qg = An∆gRg +Bn|Ricg|
2
g + CnR
2
g,(1.5)
where An = −
1
2(n−1) , Bn = −
2
(n−2)2 and Cn =
n2(n−4)+16(n−1)
8(n−1)2(n−2)2 .
In the study of conformal geometry, there is an 4th-order differential operator closely
related to Q-curvature, called Paneitz operator, which can be viewed as an analogue of
conformal Laplacian operator:
Pg = ∆
2
g − divg [(anRgg + bnRicg)d] +
n− 4
2
Qg,(1.6)
where an =
(n−2)2+4
2(n−1)(n−2) and bn = −
4
n−2 .
We leave the discussion of conformal covariance of Q-curvature and Paneitz operator in
the appendix at the end of the article for readers who are interested in it.
The most fundamental motivation in this article is to seek the connection between Q-
curvature and scalar curvature both as scalar-type curvature quantities. Intuitively, they
should share some properties in common since both of them are generalizations of Gauss-
ian curvature on surfaces. Of course, as objects in conformal geometry, a lot of successful
researches have revealed their profound connections in the past decades. (See the appendix
for a brief discussion.) However, when beyond conformal classes there are only very few
researches on Q-curvature from the viewpoint of Riemannian geometry. Motivated by the
early work of Fischer and Marsden ([18]) on the deformation of scalar curvature, we started
to consider generic deformation problems of Q-curvature.
In order to study deformations of scalar curvature, the central idea of [18] is to investigate
the kernel of L2-formal adjoint for the linearization of scalar curvature. To be precise, regard
the scalar curvature R(g) as a second-order nonlinear map on the space of all metrics on M ,
R :M→ C∞(M); g 7→ Rg.
Let γg : S2(M) → C
∞(M) be its linearization at g and γ∗g : C
∞(M) → S2(M) be the L2-
formal adjoint of γg, where S2(M) is the space of symmetric 2-tensors on M .
A crucial related concept is the so-called vacuum static space, which is the spatial slice of a
type of special solutions to vacuum Einstein equations (see [37]). A vacuum static space can
also be defined as a complete Riemannian manifold with ker γ∗g 6= {0} (see the last section
for an explicit definition). Typical examples of vacuum static spaces are space forms. In this
sense, we can regard the notion of vacuum static spaces as a generalization of space forms.
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Of course, there are many other interesting examples of vacuum static spaces besides space
forms, say S1 × S2 etc. The classification problem is a fundamental question in the study
of vacuum static spaces, even in the field of mathematical general relativity. We refer the
article [37] for readers who are interested in it.
In fact, being vacuum static or not is the criterion to determine whether the scalar cur-
vature is being linearized stable at this given metric. It was shown in [18] that a closed
non-vacuum static manifold is linearized stable and hence any smooth function sufficiently
close to the scalar curvature of the background metric can be realized as the scalar cur-
vature of a nearby metric. This result was generalized to non-vacuum static domains by
Corvino ([13]). On the other hand, for a vacuum static space, rigidity results are expected.
In [18], authors also showed that there is a local rigidity phenomenon on any torus. Later,
Schoen-Yau and Gromov-Lawson ([39, 40, 23, 24]) showed that global rigidity also holds
on torus. Inspired by the Positive Mass Theorem, many people made a lot of progress in
understanding the rigidity phenomena of vacuum static spaces (c.f. [32, 2, 1, 31, 42, 8]). It
was demonstrated that local rigidity is a universal phenomena in all vacuum static spaces
(see [38]).
Along the same line, we can also consider Q-curvature as a 4th-order nonlinear map on
the space of all metrics on M ,
Q :M→ C∞(M); g 7→ Qg.
Due to the complexity of Q-curvature, this map is extremely difficult to study. However, by
linearizing the map we may still expect some interesting results to hold. We denote
Γg : S2(M)→ C
∞(M)
to be the linearization of Q-curvature at metric g.
Now we give the following notion of Q-singular space introduced by Chang-Gursky-Yang
in [10], which plays a crucial role in this article.
Definition 1.1 (Chang-Gursky-Yang [10]). We say a complete Riemannian manifold (M, g)
is Q-singular, if
ker Γ∗g 6= {0},
where Γ∗g : C
∞(M)→ S2(M) is the L2-formal adjoint of Γg. We refer the triple (M, g, f) as
a Q-singular space as well, if f( 6≡ 0) is in the kernel of Γ∗g.
By direct calculations, we can obtain the precise expression of Γ∗g (see Proposition 3.4).
Then follow their argument, we observed that the results in [10] for dimension 4 can be
extended to any other dimensions:
Theorem 1.2 (Chang-Gursky-Yang [10]). A Q-singular space (Mn, g) has constant Q-
curvature and
n+ 4
2
Qg ∈ Spec(Pg).(1.7)
As in the study of vacuum static spaces, the collection of all Q-singular spaces is also
expected to be a ”small” set in some sense, which lead us to the classification problems
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naturally. In fact, when restricted in the class of closed Q-singular Einstein manifolds with
nonnegative scalar curvature, Ricci flat and spherical metrics are the only possible ones:
Theorem 1.3. Suppose (Mn, g, f) is a closed Q-singular Einstein manifold. If the scalar
curvature Rg ≥ 0, then
• f is a non-vanishing constant if and only if (M, g) is Ricci flat;
• f is not a constant if and only if (M, g) is isometric to a round sphere with radius
r =
(
n(n−1)
Rg
) 1
2
.
For non-Q-singular spaces, we can show that they are actually linearized stable, which
answers locally prescribing Q-curvature problem for this category of manifolds:
Theorem 1.4. Let (M, g¯) be a closed Riemannian manifold. Assume (M, g¯) is not Q-
singular, then the Q-curvature is linearized stable at g¯ in the sense that Q : M→ C∞(M)
is a submersion at g¯. Thus, there is a neighborhood U ⊂ C∞(M) of Qg¯ such that for any
ψ ∈ U , there exists a metric g on M closed to g¯ with Qg = ψ.
In particular, with the aid of Theorem 1.3, we know a generic Einstein metric with positive
scalar curvature has to be linearized stable:
Corollary 1.5. Let (M, g¯) be a closed positive Einstein manifold. Assume (M, g¯) is not
spherical, then the Q-curvature is linearized stable at g¯.
Theorem 1.4 actually provides an answer to global prescribing Q-curvature problem:
Corollary 1.6. Suppose (M, g¯) is a closed non-Q-singular manifold with vanishing Q-
curvature. Then any smooth function ϕ can be realized as a Q-curvature for some metric g
on M .
As a direct corollary of Theorem 1.4, we can obtain the existence of a negative Q-curvature
metric as the following:
Corollary 1.7. Let M be a closed manifold with positive Yamabe invariant Y (M) > 0.
There is a metric g with Q-curvature Qg < 0 on M .
We also investigate the stability of Ricci flat metrics, which are in fact Q-singular. Due to
the speciality of such metrics, we can give a sufficient condition for prescribing Q-curvature
problem.
Theorem 1.8. Let (M, g¯) be a closed Ricci flat Manifold. Denote
Φ := {ψ ∈ C∞(M) :
∫
M
ψdvg¯ = 0}
to be the set of smooth functions with zero average. Then for any ψ ∈ Φ, there exists a
metric g on M such that
Qg = ψ.
On the other hand, we are interested in the question of how much the generic stability fails
for flat metrics. Applying perturbation analysis, we discovered the positivity of Q-curvature
is the obstruction for flat metrics exactly as what scalar curvature means for them. That is,
flat metrics are locally rigid for nonnegative Q-curvature. As a special case, we proved a local
4
rigidity result for Q-curvature on torus T n (n ≥ 3), which is similar to the non-existence
result of positive scalar curvature metrics on torus due to Schoen-Yau and Gromov-Lawson
([39, 40, 23, 24]).
Theorem 1.9. For n ≥ 3, let (Mn, g¯) be a closed flat Riemannian manifold and g be a
metric on M with
Qg ≥ 0.
Suppose ||g − g¯||C2(M,g¯) is sufficiently small, then g is also flat.
As for global rigidity, we have the following interesting result:
Theorem 1.10. Suppose g is a locally conformally flat metric on T n with
Qg ≥ 0,
then g is flat.
In particular, any metric g on T 4 with nonnegative Q-curvature has to be flat.
It would be interesting to compare notions of Q-singular and vacuum static spaces. In
fact, we have the following observation:
Theorem 1.11. Let MR be the space of all closed vacuum static spaces and MQ be the
space of all closed Q-singular spaces. Suppose (M, g, f) ∈ MR ∩MQ, then M is Einstein
necessarily. In particular, it has to be either Ricci flat or isometric to a round sphere.
This article is organized as follows: We explain some general notations and conventions
in Section 2. We then give a characterization of Q-singular spaces and proofs of Theorem
1.2, 1.3 in Section 3. In Section 4, we investigate several stability results, including Theorem
1.4, Corollary 1.5, 1.6, 1.7 and Theorem 1.8. In Section 5, local rigidity of flat metrics, say
Theorem 1.9 and 1.10 will be shown. Some relevant results will also be discussed there. In
Section 6, we discuss the relation between Q-singular and vacuum static spaces and prove
Theorem 1.11 in the end of Section 6. In the end of this article, we provide a brief discus-
sion about conformal properties of Q-curvature and Paneitz operator from the viewpoint of
conformal geometry.
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Yung Alice Chang, Professor Justin Corvino, Professor Matthew Gursky, Professor Fengbo
Hang, Professor Jie Qing and Professor Paul Yang, and Dr.Yi Fang for their interests in
this work and inspiring discussions. Especially, we would like to thank Professor Matthew
Gursky for pointing out the work in [10]. The authors are also grateful for MSRI/IAS/PCMI
Geometric Analysis Summer School 2013, which created the opportunity for initiating this
work. Part of the work was done when the second author visited Institut Henri Poincaré
and we would like to give our appreciations to the hospitality of IHP.
2. Notations and conventions
Throughout this article, we will always assume (Mn, g) to be an n-dimensional closed
Riemannian manifold (n ≥ 3) unless otherwise stated. Here by closed, we mean compact
without boundary. We also take {∂i}
n
i=1 to be a local coordinates around certain point.
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Hence we also use its components to stand for a tensor or vector in the article.
For convenience, we use following notions:
M - the set of all smooth metric on M ;
D(M) - the set of all smooth diffeomorphisms ϕ :M →M ;
X (M) - the set of all smooth vector fields on M ;
S2(M) - the set of all smooth symmetric 2-tensors on M .
We adopt the following convention for Ricci curvature tensor,
Rjk = R
i
ijk = g
ilRijkl.
As for Laplacian operator, we simply use the common convention as follow,
∆g := g
ij∇i∇j.
Let h, k ∈ S2(M), for convenience, we define following operations:
(h× k)ij := g
klhikkjl = h
l
iklj
and
h · k := tr(h× k) = gijgklhikkjl = h
jkkjk.
Let X ∈ X (M) and h ∈ S2(M), we use the following notations for operators
(
◦
Rm · h)jk := Rijklh
il,
and
(δgh)i := −(divgh)i = −∇
jhij,
which is the L2-formal adjoint of Lie derivative (up to scalar multiple)
1
2
(LgX)ij =
1
2
(∇iXj +∇jXi).
3. Characterizations of Q-singular spaces
Let (M, g) be a Riemannian manifold and {g(t)}t∈(−ε,ε) be a 1-parameter family of metrics
on M with g(0) = g and g′(0) = h. Easy to see, g′ij = −hij .
We have the following well-known formulae for linearizations of geometric quantities. (c.f.
[12, 18, 43])
Proposition 3.1. The linearization of Christoffel symbol is
Γ′kij =
1
2
gkl (∇ihjl +∇jhil −∇lhij) .(3.1)
The linearization of Ricci tensor is
Ric′ =
d
dt
∣∣∣∣
t=0
Ric(g(t))jk = −
1
2
(∆Lhjk +∇j∇k(trh) +∇j(δh)k +∇k(δh)j) ,(3.2)
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where the Lichnerowicz Laplacian acting on h is defined to be
∆Lhjk = ∆hjk + 2(
◦
Rm · h)jk −Rjih
i
k − Rkih
i
j ,
and the linearization of scalar curvature is
R′ =
d
dt
∣∣∣∣
t=0
R(g(t)) = −∆(trh) + δ2h− Ric · h.(3.3)
For simplicity, we use ′ to denote the differentiation with respect to the parameter t and
evaluated at t = 0.
Lemma 3.2. The linearization of the Laplacian acting on the scalar curvature is
(∆R)′ =
d
dt
∣∣∣∣
t=0
∆g(t)R(g(t)) = −∇
2R · h+∆R′ +
1
2
dR · (d(trh) + 2δh).(3.4)
Proof. Calculating in normal coordinates at an arbitrary point,
d
dt
∣∣∣∣
t=0
∆g(t)R(g(t))
=
d
dt
∣∣∣∣
t=0
(
gij(∂i∂jR − Γ
k
ij∂kR)
)
=− hij∂i∂jR + g
ij(∂i∂jR
′ − (Γkij)
′∂kR− Γkij∂kR
′)
=− hij∂i∂jR − g
ij(Γkij)
′∂kR +∆R′
=− hij∂i∂jR −
1
2
gijgkl(∇ihjl +∇jhil −∇lhij)∂kR +∆R
′
=− hij∇i∇jR −∇
ihki∇kR +
1
2
∇k(trh)∇kR +∆R
′
=−∇2R · h+∆R′ +
1
2
dR · (d(trh) + 2δh).

Now we can calculate the linearization of Q-curvature (1st variation).
Proposition 3.3. The linearization of Q-curvature is
Γgh :=DQg · h = An
(
−∆2(trh) + ∆δ2h−∆(Ric · h) +
1
2
dR · (d(trh) + 2δh)−∇2R · h
)(3.5)
− Bn
(
Ric ·∆Lh+Ric · ∇
2(trh) + 2Ric · ∇(δh) + 2(Ric× Ric) · h
)
+ 2CnR
(
−∆(trh) + δ2h−Ric · h
)
.
Proof. Note that
d
dt
∣∣∣∣
t=0
|Ric(g(t))|2g(t) =
d
dt
∣∣∣∣
t=0
(
gikgjlRijRkl
)
= 2gikgjlR′ijRkl + 2g
′ikgjlRijRkl
=2Ric′ · Ric− 2(Ric× Ric) · h,
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then we finish the proof by combining it with (3.1), (3.3) and (3.4). 
Now we can derive the expression of Γ∗g and hence the Q-singular equation
Γ∗gf = 0.
Proposition 3.4. The L2-formal adjoint of Γg is
Γ∗gf :=An
(
−g∆2f +∇2∆f −Ric∆f +
1
2
gδ(fdR) +∇(fdR)− f∇2R
)
−Bn
(
∆(fRic) + 2f
◦
Rm · Ric+ gδ2(fRic) + 2∇δ(fRic)
)
− 2Cn
(
g∆(fR)−∇2(fR) + fRRic
)
.
Proof. For any compactly supported symmetric 2-tensor h ∈ S2(M), we have
∫
M
f
d
dt
∣∣∣∣
t=0
∆g(t)R(g(t)) dvg
=
∫
M
f
(
−∇2R · h+
1
2
dR · (d(trh) + 2δh) + ∆R′
)
dvg
=
∫
M
(
−h · f∇2R + h · ∇(fdR) +
1
2
h · δ(fdR)g +∆f(−∆trh + δ2h− Ric · h)
)
dvg
=
∫
M
〈
−f∇2R +∇(fdR) +
1
2
gδ(fdR)− g∆2f +∇2∆f − Ric∆f, h
〉
dvg.
Similarly,
∫
M
f
d
dt
∣∣∣∣
t=0
|Ric(g(t))|2g(t) dvg
=
∫
M
f
(
−2hilgjkRijRkl + 2R
ijR′ij
)
dvg
=
∫
M
−2f(Ric×Ric) · h− fRij (∆Lhij +∇i∇j(trh) +∇i(δh)j +∇j(δh)i) dvg
=
∫
M
〈
−∆L(fRic)− 2f(Ric×Ric)− 2∇δ(fRic)− gδ
2(fRic), h
〉
dvg
=
∫
M
〈
−∆(fRic)− 2f
◦
Rm · Ric− 2∇δ(fRic)− gδ2(fRic), h
〉
dvg.
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And also, ∫
M
f
d
dt
∣∣∣∣
t=0
(R(g(t)))2 dvg
=
∫
M
2fR
(
−∆trh + δ2h− Ric · h
)
dvg
=
∫
M
2
(
−∆(fR)trh+∇2(fR) · h− (fR)Ric · h
)
dvg
=
∫
M
2
〈
−g∆(fR) +∇2(fR)− (fR)Ric, h
〉
dvg
Combining all the equalities above, we have∫
M
fDQg · hdvg =
∫
M
〈f,Γgh〉dvg =
∫
M
〈Γ∗gf, h〉dvg.

Corollary 3.5.
Lgf := trgΓ
∗
gf =
1
2
(
Pg −
n+ 4
2
Qg
)
f.
Proof. Taking trace of Γ∗gf , we have
trΓ∗gf =− 2Qgf − (n− 1)An∆
2f −
(
n− 4
2
An +
n
2
Bn + 2(n− 1)Cn
)
f∆R
− (An +Bn + 2(n− 1)Cn)R∆f −
(
n− 2
2
An + nBn + 4(n− 1)Cn
)
df · dR
− (n− 2)BnRic · ∇
2f
=− 2Qgf +
1
2
∆2f −
(n− 2)2 + 4
4(n− 1)(n− 2)
R∆f −
n− 6
4(n− 1)
df · dR+
2
n− 2
Ric · ∇2f
=− 2Qgf +
1
2
(
∆2f − anR∆f −
(
an +
1
2
bn
)
df · dR− bnRic · ∇
2f
)
=
1
2
(
∆2gf − divg [(anRgg + bnRicg)df ]
)
− 2Qg
=
1
2
(
Pg −
n+ 4
2
Qg
)
f.
Here we used the fact that n−4
2
An +
n
2
Bn + 2(n− 1)Cn = 0. 
Combining above calculations, we can justify that Q-curvature is a constant for Q-singular
spaces using exactly the same argument in [10]. For the convenience of readers, we include
a sketch of the proof as follows. For more details, please refer to [10].
Theorem 3.6 (Chang-Gursky-Yang [10]). A Q-singular space (Mn, g) has constant Q-
curvature and
n+ 4
2
Qg ∈ Spec(Pg).(3.6)
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Proof. We only need to show Qg is a constant.
For any smooth vector field X ∈ X on M , we have∫
M
〈X, δgΓ
∗
gf〉dvg =
1
2
∫
M
〈LXg,Γ
∗
gf〉dvg =
1
2
∫
M
f Γg(LXg) dvg =
1
2
∫
M
〈fdQg, X〉 dvg.
Thus
fdQg = 2δgΓ
∗
gf = 0
on M .
Suppose there is an x0 ∈ M with f(x0) = 0 and dQg(x0) 6= 0. By taking derivatives, we
can see f vanishes to infinite order at x0. i.e.
∇mf(x0) = 0
for any m ≥ 1. Since f also satisfies that
Lgf =
1
2
(
Pgf −
n+ 4
2
Qgf
)
= 0,
by applying the Carleman estimates of Aronszajn ([3]), we can conclude that f vanishes
identically on M . But this contradicts to the fact that g is Q-singular.
Therefore, dQg vanishes on M and thus Qg is a constant. Here we obtain the proof of
Theorem 1.2. 
Examples of Q-singular spaces.
• Ricci flat spaces
Take f to be a nonzero constant, then it satisfies the Q-singular equation.
• Spheres
Take f to be the (n + 1)th-coordinate function xn+1 restricted on
Sn = {x ∈ Rn+1 : |x|2 = 1}.
Then f satisfies the Hessian type equation
∇2f + gf = 0.
With the aid of the following Lemma 3.7, we can easily check that f satisfies the
Q-singular equation.
• Hyperbolic spaces
Similarly, if we still take f to be the (n+1)th-coordinate function xn+1 but restricted
on
Hn = {(x′, xn+1) ∈ Rn+1 : |x′|2 − |xn+1|2 = −1, x′ ∈ Rn, xn+1 > 0}.
Then f satisfies the similar Hessian type equation
∇2f − gf = 0,
and hence solves the Q-singular equation.
Based on the complexity of the Q-singular equation, one can easily see that it is very
difficult to study the geometry of generic Q-singular spaces. However, when restricted to
some special classes of Riemannian manifolds we can still get some interesting results of
Q-singular spaces.
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Lemma 3.7. Let (M, g) be an Einstein manifold and f ∈ ker Γ∗g, we have
Γ∗gf = An
[
∇2 (∆f + ΛnRf) +
R
n(n− 1)
g (∆f + ΛnRf)
]
= 0,(3.7)
where Λn :=
2
An
(Bn
n
+ Cn) = −
(n+2)(n−2)
2n(n−1) < 0, for any n ≥ 3.
Proof. Since g is Einstein, i.e. Ric = R
n
g, we get
Γ∗gf =An
[
−g∆2f +∇2∆f −
R
n
g∆f
]
− Bn
[
R
n
∆(fg) + 2f
◦
Rm ·
R
n
g + 2
R
n
∇δ(fg) +
R
n
gδ2(fg)
]
− 2Cn
[
Rg∆f − R∇2f +
R2
n
fg
]
=An
[
−g∆2f +∇2∆f −
R
n
g∆f
]
− 2Bn
[
R
n
g∆f +
R2
n2
gf −
R
n
∇2f
]
− 2Cn
[
Rg∆f − R∇2f +
R2
n
fg
]
=An
[
−g∆2f +∇2∆f −
(
1
n
+ Λn
)
Rg∆f + ΛnR∇
2f −
Λn
n
R2gf
]
=An
[
∇2 (∆f + ΛnRf)− g
(
∆(∆f + ΛnRf) +
R
n
(∆f + ΛnRf)
)]
.
By assuming f ∈ ker Γ∗g, i.e. Γ
∗
g(f) = 0, when taking trace, we have
An [−(n− 1)∆ (∆f + ΛnRf)− R (∆f + ΛnRf)] = 0.
Thus,
∆(∆f + ΛnRf) = −
R
n− 1
(∆f + ΛnRf) .
Now substitute it in the expression of Γ∗gf , we have
Γ∗gf = An
[
∇2 (∆f + ΛnRf) +
R
n(n− 1)
g (∆f + ΛnRf)
]
= 0,
where Λn =
2
An
(
Bn
n
+ Cn
)
= − (n+2)(n−2)
2n(n−1) < 0, for any n ≥ 3.

Next we show that a closed Q-singular Einstein manifold with positive scalar curvature
has to be spherical:
Proposition 3.8. Let (Mn, g) be a complete Q-singular Einstein manifold with positive
scalar curvature. Then (Mn, g) is isometric to the round sphere (Sn(r), g
Sn(r)
), with radius
r =
(
n(n−1)
Rg
) 1
2
. Moreover, ker Γ∗g is consisted of eigenfunctions of (−∆g) associated to λ1 =
Rg
n−1 > 0 on S
n(r) and hence dimker Γ∗g = n + 1.
Proof. Note that Λn < 0 and Spec(−∆g) consisted of nonnegative real numbers, then
ΛnRg 6∈ Spec(−∆g).
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Let f ∈ ker Γ∗g, f 6≡ 0 and ϕ := ∆gf + ΛnRgf , then
ϕ 6≡ 0.
Therefore, by Lemma 3.7, we have the following equation
∇2ϕ = −
Rg
n(n− 1)
ϕg(3.8)
with a nontrivial solution ϕ.
Taking trace, we get
∆gϕ = −
Rg
n− 1
ϕ.(3.9)
i.e.
Rg
n−1 is an eigenvalue of −∆g.
On the other hand, by Lichnerowicz-Obata’s Theorem, the first nonzero eigenvalue of
(−∆g) satisfies
λ1 ≥
Rg
n− 1
with equality if and only if (Mn, g) is isometric to the round sphere (Sn(r), gSn(r)) with radius
r =
(
n(n−1)
R
) 1
2
. Hence the first part of the theorem follows.
Since ΛnRg 6∈ Spec(−∆g), it implies that the operator ∆g + ΛnRg is invertible. On the
other hand,
(∆g + ΛnRg)
(
∆g +
Rg
n− 1
)
f =
(
∆g +
Rg
n− 1
)
(∆g + ΛnRg) f =
(
∆g +
Rg
n− 1
)
ϕ = 0.
Thus (
∆g +
Rg
n− 1
)
f = 0.
i.e. f is an eigenfunction associated to λ1 =
Rg
n−1 .
Therefore, ker Γ∗g can be identified by the eigenspace associated to the first nonzero eigen-
value λ1 > 0 of (−∆g) on S
n(r) and hence dimΓ∗g = n + 1.

As for Ricci flat ones, we have:
Theorem 3.9. Suppose (Mn, g) is a Q-singular Riemannian manifold. If (M, g) admits an
nonzero constant potential f ∈ ker Γ∗g, then (M, g) is Q-flat, i.e. the Q-curvature vanishes
identically. Furthermore, suppose (M, g) is a closed Q-singular Einstein manifold, then
(M, g) is Ricci flat if and only if ker Γ∗g is consisted of constant functions.
Proof. Without lose of generality, we can assume that 1 ∈ ker Γ∗g. We have
trΓ∗g1 = Lg1 =
1
2
(
Pg1−
n + 4
2
Qg
)
= −2Qg = 0,
12
which implies that Qg = 0.
Now assume (M, g) is a closed Q-singular Einstein manifold.
We have ∫
M
Qgdvg =
∫
M
(
An∆gR + Bn|Ric|
2 + CnR
2
)
dvg
=
(
Bn
n
+ Cn
)
R2 V olg(M)
=
(n+ 2)(n− 2)
8n(n− 1)2
R2 V olg(M).
Suppose 1 ∈ ker Γ∗g, then Qg = 0 and hence
R = 0,
That means (M, g) is Ricci flat.
On the other hand, if (M, g, f) is Ricci flat,
Lgf =
1
2
∆2f = 0.
Since M is compact without boundary, f is a nonzero constant on M .

Remark 3.10. It was shown in [10] that for a closed 4-dimensional Q-singular space (M, g),
1 ∈ ker Γ∗g if and only if g is Bach flat with vanishing Q-curvature. But this theorem doesn’t
generalized to other dimensions automatically. In fact, for generic dimensions, 1 ∈ ker Γ∗g
doesn’t imply g is Bach flat by direct calculations, although it is still Q-flat as shown above.
Theorem 1.3 follows from combining Propositions 3.8 and 3.9.
For Einstein manifolds with negative scalar curvature, generically they are not Q-singular:
Proposition 3.11. Let (M, g) be a closed Einstein manifold with scalar curvature R < 0.
Suppose ΛnR 6∈ Spec(−∆g), then
ker Γ∗g = {0}.
i.e. (M, g) is not Q-singular.
Proof. For any smooth function f ∈ ker Γ∗g, let ϕ := ∆f + ΛnRf . By Lemma 3.7, we have
∇2ϕ+
R
n(n− 1)
gϕ = 0.
Taking trace,
∆ϕ +
R
n− 1
ϕ = 0.
Thus
ϕ = ∆f + ΛnRf = 0
13
identically on M , since 0 > R
n−1 6∈ spec(−∆g). Thus
∆f = −ΛnRf.
By assuming ΛnR 6∈ Spec(−∆g), we conclude that f ≡ 0. That means, ker Γ
∗
g is trivial.

4. Stability of Q-curvature
In this section, we will discuss the linearized stability of Q-curvature on closed manifolds.
As main tools, we need following key results. Proofs can be found in referred articles.
Theorem 4.1 (Splitting Theorem ([5, 18])). Let (M, g) be a closed Riemannian manifold,
E and F be vector bundles on M . Let D : C∞(E) → C∞(F ) be a kth-order differential
operator and D∗ : C∞(F )→ C∞(E) be its L2-formal adjoint operator.
For k ≤ s ≤ ∞ and 1 < p < ∞, let Ds : W
s,p(E) → W s−k,p(F ) and D∗s : W
s,p(F ) →
W s−k,p(E) be the bounded linear operators by extending D and D∗ respectively.
Assume that D or D∗ has injective principal symbols, then
W s,p(F ) = ImDs+k ⊕ kerD
∗
s .(4.1)
Moreover,
C∞(F ) = ImD ⊕ kerD∗.(4.2)
In particular, take the vector bundle F to be all symmetric 2-tensors S2(M), we have
Corollary 4.2 (Canonical decomposition of S2 ([5, 18])). Let (M, g) be a closed Riemannian
manifold, then the space of symmetric 2-tensors can be decomposed into
S2(M) = {LXg : X ∈ X (M)} ⊕ ker δg.(4.3)
Another result we need is
Theorem 4.3 (Generalized Inverse Function Theorem ([19])). Let X, Y be Banach spaces
and f : Ux0 → Y be a continuously differentiable map with f(x0) = y0, where Ux0 ⊂ X is a
neighborhood of x0. Suppose the derivative Df(x0) : X → Y is a surjective bounded linear
map. Then there exists Vy0 ⊂ Y , a neighborhood of y0, and a continuous map ϕ : Vy0 → Ux0
such that
f(ϕ(y)) = y, ∀y ∈ Vy0 ;
and
ϕ(y0) = x0.
Combining Corollary 4.2 and Theorem 4.3, we obtain Ebin’s Slice Theorem([16]), which
we will use later in this article.
Theorem 4.4 (Slice Theorem ([16, 18])). Let (M, g¯) be a Riemannian manifold. For p > n,
suppose that g is also a Riemannian metric on M and ||g− g¯||W 2,p(M,g¯) is sufficiently small,
then there exists a diffeomorphism ϕ ∈ D(M) such that h := ϕ∗g − g¯ satisfies that δg¯h = 0
and moreover,
||h||W 2,p(M,g¯) ≤ N ||g − g¯||W 2,p(M,g¯),
where N is a positive constant only depends on (M, g¯).
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Remark 4.5. Brendle and Marques (c.f. [8]) proved an analogous decomposition and slice
theorem for a compact domain with boundary.
Now we can give the proof of the main theorem (Theorem 1.4) in this section.
Theorem 4.6. Let (M, g¯) be a closed Riemannian manifold. Assume (M, g¯) is not Q-
singular, then the Q-curvature is linearized stable at g¯ in the sense that Q : M→ C∞(M)
is a submersion at g¯. Thus, there is a neighborhood U ⊂ C∞(M) of Qg¯ such that for any
ψ ∈ U , there exists a metric g on M closed to g¯ with Qg = ψ.
Proof. The principal symbol of Γ∗g¯ is
σξ(Γ
∗
g¯) = −An
(
g|ξ|2 − ξ ⊗ ξ
)
|ξ|2.
Taking trace, we get
tr σξ(Γ
∗
g¯) = −An (n− 1) |ξ|
4.
Thus, σξ(Γ
∗
g¯) = 0 will imply that ξ = 0. i.e. Γ
∗
g¯ has an injective principal symbol.
By the Splitting Theorem 4.1,
C∞(M) = ImΓg¯ ⊕ ker Γ∗g¯,
which implies that Γg¯ is surjective, since we assume that (M, g¯) is not Q-singular, i.e.
ker Γ∗g¯ = {0}.
Therefore, applying the Generalized Implicit Function Theorem (Theorem 4.3), Q maps a
neighborhood of g¯ to a neighborhood of Qg¯ in C
∞(M).

As a consequence, we can derive the stability of generic positive Einstein manifolds (Corol-
lary 1.5).
Corollary 4.7. Let (M, g¯) be a closed positive Einstein manifold. Assume (M, g¯) is not
spherical, then the Q-curvature is linearized stable at g¯.
Proof. Since M is assumed to be not spherical, by Theorem 1.3, (M, g) is not Q-singular.
Now the stability follows from Theorem 1.4.

For a generic Q-flat manifold, we can prescribe any smooth function such that it is the
Q-curvature for some metric on the manifold (Corollary 1.6).
Corollary 4.8. Suppose (M, g¯) is a closed non-Q-singular manifold with vanishing Q-
curvature. Then any smooth function ϕ can be realized as a Q-curvature for some metric g
on M .
Proof. Since (M, g¯) is non-Q-singular, applying Theorem 1.4, as a nonlinear map, Q maps
a neighborhood of the metric g¯ to a neighborhood of Qg¯ = 0 in C
∞(M). Thus there exists
an ε0 > 0 such that for any smooth function ψ with ||ψ||C∞(M) < ε0, we can find a smooth
metric gψ closed to g¯ with Qgψ = ψ.
Now for any nontrivial ϕ ∈ C∞(M), let ϕ˜ := uε0,ϕϕ, where uε0,ϕ =
ε0
2||ϕ||
C∞(M)
> 0. Clearly,
||ϕ˜||C∞(M) < ε0 and hence there is a metric gϕ˜ closed to g¯ such that Qgϕ˜ = ϕ˜. Let
g = u
1
2
ε0,ϕgϕ˜,
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then we have
Qg = u
−1
ε0,ϕ
·Qgϕ˜ = ϕ.

Now we can prove the Corollary 1.7.
Corollary 4.9. Let M be a closed manifold with positive Yamabe invariant Y (M) > 0.
There is a metric g with Q-curvature Qg < 0 on M .
Proof. By Matsuo’s theorem (see Corollary 2 in [30]), on a closed manifoldM with dimension
n ≥ 3 and positive Yamabe invariant, there exists a metric g with scalar curvature Rg = 0
but Ricg 6≡ 0 on M . Thus the Q-curvature satisfies
Qg = −
2
(n− 2)2
|Ricg|
2 ≤ 0.
If |Ricg| > 0 pointwisely, then Qg < 0 on M . Otherwise, there is a point p ∈ M such that
|Ricg(p)|
2 = 0 and hence Qg is not a constant on M . This implies that the metric g is not
Q-singular. Therefore, by Theorem 1.4, we can perturb the metric g to obtain a metric with
strictly negative Q-curvature. This gives the conclusion. 
For the Ricci flat case, we have a better result since we can identify ker Γ∗g¯ with constants.
Theorem 4.10. Let (M, g¯) be a closed Ricci flat Manifold. Denote
Φ := {ψ ∈ C∞(M) :
∫
M
ψdvg¯ = 0}
to be the set of smooth functions with zero average. Then for any ψ ∈ Φ, there exists a
metric g on M such that
Qg = ψ.
Proof. In the proof of Theorem 1.4, we have showed that the principal symbol of Γ∗g¯ is
injective and the decomposition
C∞(M) = ImΓg¯ ⊕ ker Γ∗g¯
holds.
On the other hand, by Theorem 3.9, ker Γ∗g¯ is consisted by constant functions and hence
ImΓg¯ = Φ. By identifying Φ with its tangent space, we can see the map Q is a submer-
sion at g with respect to Φ. Therefore, by Generalized Inverse Function Theorem (Theorem
4.3), we have the local surjectivity. That is, there exists a neighborhood of g¯, say Ug¯ ⊂ M
and a neighborhood of 0, say V0 ⊂ C
∞(M) such that V0|Φ ⊂ Qg(Ug¯), where g 7→ Qg is a map.
Now for any ψ ∈ Φ, let r > 0 be a sufficiently large constant such that 1
r4
ψ ∈ V0. There
exists a metric gr ∈ Ug¯, such that Qgr =
1
r4
ψ. Let g := 1
r2
gr, we have
Qg = r
4 ·Qgr = r
4 ·
1
r4
ψ = ψ.
Thus we prove Theorem 1.8. 
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Similarly, we can also give an answer to the prescribing Q-curvature problem near the
standard spherical metric by noticing the fact that
ker Γ∗g¯ = Eλ1
from Theorem 3.8:
Theorem 4.11. Let (Sn, g¯) be the standard unit sphere and Eλ1 be the eigenspace of (−∆g)
associated to the first nonzero eigenvalue λ1 = n. Then for any ψ ∈ E
⊥
λ1
with ||ψ −
Qg¯||C∞(Sn,g¯) sufficiently small, there exists a metric g near g¯ such that
Qg = ψ.
5. Rigidity Phenomena of Flat manifolds
Let (M, g) be a closed Riemannian manifold. Consider a deformation of (M, g), g(t) =
g + th, t ∈ (−ε, ε).
We have calculated the first variation of Q-curvature (see equation (3.5)). In order to
study the local rigidity of Q-curvature, we are going to calculate the second variation of
Q-curvature.
First, we recall the following well known 2nd-variation formulae, which can be found in
[18]. For detailed calculations, we refer to the appendices of [43].
Proposition 5.1. We have the following 2nd-variation formulae for metrics,
g′′ij =
d2
dt2
∣∣∣∣
t=0
(g(t))ij = 0,(5.1)
and
g′′ij =
d2
dt2
∣∣∣∣
t=0
(g(t))ij = 2hjkh
ik.(5.2)
Also for Christoffel Symbols,
Γ′′kij =
d2
dt2
∣∣∣∣
t=0
Γ(g(t))kij = −h
kl (∇ihjl +∇jhil −∇lhij) .(5.3)
Lemma 5.2. The second variation of Q-curvature is
d2
dt2
∣∣∣∣
t=0
Q(g(t)) =An[∆gR
′′ + 2∇2R · (h× h)− 2h · ∇2R′ + (2δh+ d(trh)) · dR′(5.4)
+ hij(2∇ih
k
j −∇
khij)∇kR − h · ((2δh+ d(trh))⊗ dR)]
+Bn[4(Ric× Ric) · (h× h) + 2|Ric× h|
2 − 8Ric′ · (Ric× h)
+ 2Ric′′ · Ric+ 2|Ric′|2]
+ Cn[2RR
′′ + 2(R′)2],
where Ric′, Ric′′; R′, R′′ are the first and second variations of Ricci tensor and scalar
curvature at g respectively.
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Proof. Choose normal coordinates at any point p ∈ M , i.e. Γijk = 0 at p, then
d2
dt2
∣∣∣∣
t=0
(∆g(t)R(g(t)))
=(gij(∂i∂jR− Γ
k
ij∂kR))
′′
=g′′ij∂i∂jR + 2g′ij(∂i∂jR′ − Γ′
k
ij∂kR) + g
ij(∂i∂jR
′′ − Γ′′kij∂kR− 2Γ
′k
ij∂kR
′)
=2hjkh
ik∇i∇jR− 2h
ij(∇i∇jR
′ − Γ′kij∇kR) + ∆R
′′ − gijΓ′′kij∇kR − 2g
ijΓ′kij∇kR
′
=∆R′′ + 2∇2R · (h× h)− 2h · ∇2R′ + (2δh+ dtrh) · dR′ + hij(2∇ihkj −∇
khij)∇kR
− h · ((2δh+ dtrh)⊗ dR),
by substituting the expression of Γ′kij and Γ
′′k
ij .
And
d2
dt2
∣∣∣∣
t=0
|Ric(g(t))|2g(t)
=
(
gikgjlRijRkl
)′′
=2g′′ikRijR
j
k + 2g
′ikg′jlRijRkl + 8g′ikR′ijR
j
k + 2R
′′
ijR
ij + 2gikgjlR′ijR
′
kl
=4(Ric× Ric) · (h× h) + 2|Ric× h|2 − 8Ric′ · (Ric× h) + 2Ric′′ · Ric+ 2|Ric′|2.
Also,
d2
dt2
∣∣∣∣
t=0
R(g(t))2 = (R2)′′ = 2(R′)2 + 2RR′′.
We prove the lemma by combining all three parts together. 
Simply by taking Ric = 0 and R = 0, we get the second variation for Q-curvature at a
Ricci flat metric.
Corollary 5.3. Suppose the metric g is Ricci flat, then
D2Qg · (h, h) = An(∆gR
′′ − 2h · ∇2R′ + (2δh+ d(trh)) · dR′) + 2Bn|Ric′|2 + 2Cn(R′)2.
(5.5)
Now we assume (M, g¯, f) is a Q-singular metric.
Consider the functional
F (g) =
∫
M
Qg · fdvg¯.
Note that here we fix the volume form to be the one associated to the Q-singular metric g¯.
Remark 5.4. The analogous functional
G (g) =
∫
M
Rg · fdvg¯,
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plays a fundamental role in studying rigidity phenomena of vacuum static spaces (c.f. [18,
8, 38], etc.).
Lemma 5.5. The metric g¯ is a critical point of the functional F (g).
Proof. For any symmetric 2-tensor h ∈ S2, let g(t) = g¯ + th, t ∈ (−ε, ε) be a family of
metrics on M . clearly, g(0) = g¯ and g′(0) = h. Then
d
dt
∣∣∣∣
t=0
F (g(t)) =
∫
M
DQg¯ · hfdvg¯ =
∫
M
Γg¯h · fdvg¯ =
∫
M
h · Γ∗g¯f dvg¯ = 0,
i.e. g¯ is a critical point for the functional F (g). 
Furthermore, if we assume g¯ is a flat metric, by Theorem 3.9, we can take f to be a
nonzero constant. In particular, we can take f ≡ 1, since Q-singular equation is a linear
equations system with respect to f .
Lemma 5.6. Let g¯ be a flat metric and f ≡ 1. Suppose δh = 0, then the second variation
of F at g¯ is given by
D2Fg¯ · (h, h) = −2αn
∫
M
|∆(trh)|2dvg¯ +
1
2
Bn
∫
M
(|∆
◦
h|2)dvg¯,(5.6)
where
◦
h is the traceless part of h and αn := −
1
2
(
An +
n+1
2n
Bn + 2Cn
)
= (n
2−2)(n2−2n−2)
8n(n−1)2(n−2)2 > 0,
Bn = −
2
(n−2)2 < 0, for any n ≥ 3.
Proof. With the aid of Corollary 5.3, we have
d2
dt2
∣∣∣∣
t=0
F (g(t))
=
∫
M
Q′′g¯dvg¯
=
∫
M
[
An(∆R
′′ − 2h · ∇2R′ + (2δh+ d(trh)) · dR′) + 2Bn|Ric′|2 + 2Cn(R′)2
]
dvg¯
=
∫
M
[
An(−2δh · dR
′ + (2δh+ d(trh)) · dR′) + 2Bn|Ric′|2 + 2Cn(R′)2
]
dvg¯
=
∫
M
[
An(−∆(trh)) · R
′ + 2Bn|Ric′|2 + 2Cn(R′)2
]
dvg¯
=
∫
M
[
An(−∆(trh)) · (−∆(trh) + δ
2h−Ric · h) + 2Bn|Ric
′|2 + 2Cn(R′)2
]
dvg¯
=
∫
M
[
An(∆(trh))
2 + 2Bn|Ric
′|2 + 2Cn(R′)2
]
dvg¯,
where the last step is due to the assumptions of g¯ being a flat metric and divergence-free
property of h.
For exact the same reasons, by Proposition 3.1, we have
|Ric′|2 =
1
4
|∆h+∇2(trh)|2 =
1
4
(
|∆h|2 + 2∆h · ∇2(trh) + |∇2(trh)|2
)
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and
(R′)2 = (∆(trh))2.
Thus ∫
M
|Ric′|2dvg¯ =
1
4
∫
M
[(
|∆h|2 + 2∆h · ∇2(trh) + |∇2(trh)|2
)]
dvg¯
=
1
4
∫
M
[(
|∆h|2 + 2δ∆h · d(trh) + δ∇2(trh) · d(trh)
)]
dvg¯
=
1
4
∫
M
[(
|∆h|2 + 2∆δh · d(trh) + δd(trh) · δd(trh)
)]
dvg¯
=
1
4
∫
M
[(
|∆h|2 + |∆(trh)|2
)]
dvg¯
=
1
4
∫
M
[
|∆
◦
h|2 +
n+ 1
n
(∆(trh))2
]
dvg¯.
Now
d2
dt2
∣∣∣∣
t=0
F (g(t)) =
∫
M
[
(An +
n+ 1
2n
Bn + 2Cn)(∆(trh))
2 +
1
2
Bn|∆
◦
h|2
]
dvg¯
=− 2αn
∫
M
|∆(trh)|2dvg¯ +
1
2
Bn
∫
M
(|∆
◦
h|2)dvg¯.
This gives the equation we claimed. 
Now we are ready to prove Theorem 1.9.
Theorem 5.7. For n ≥ 3, let (Mn, g¯) be a closed flat Riemannian manifold and g be a
metric on M with
Qg ≥ 0.
Suppose ||g − g¯||C2(M,g¯) is sufficiently small, then g is also flat.
Proof. Since g is C2-closed to g¯, by the Slice Theorem (Theorem 4.4), there exists a diffeo-
morphism ϕ ∈ D(M) such that
h := ϕ∗g − g¯
is divergence free with respect to g¯ and
||h||C2(M,g¯) ≤ N ||g − g¯||C2(M,g¯),
where N > 0 is a constant only depends on (M, g¯).
Apply Lemma 5.6, we can expand F (ϕ∗g) at g¯ as follows,
F (ϕ∗g) = F (g¯) +DFg¯ · h+
1
2
D2Fg¯ · (h, h) + E3(5.7)
= −αn
∫
M
|∆(trh)|2dvg¯ +
1
4
Bn
∫
M
|∆
◦
h|2dvg¯ + E3,
where
|E3| ≤ C0
∫
M
|h| |∇2h|2 dvg¯
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for some constant C0 = C0(n,M, g¯) > 0.
We know
F (ϕ∗g) =
∫
M
Qg ◦ ϕ dvg¯ ≥ 0
since Qg ≥ 0 and ϕ is a diffeomorphism near the identity. Since
αn = −
1
2
(
An +
n + 1
2n
Bn + 2Cn
)
> 0, Bn = −
2
(n− 2)2
< 0
for n ≥ 3, we can take µn > 0, a sufficiently small constant only depends on the dimension
n such that
min{αn −
µn
n
,−
1
4
Bn − µn} > 0.
Therefore, with the aid of equation (5.7), we have
µn
∫
M
|∆h|2dvg¯
≤
(
αn −
µn
n
)∫
M
|∆(trh)|2dvg¯ +
(
−
1
4
Bn − µn
)∫
M
|∆
◦
h|2dvg¯ + µn
∫
M
|∆h|2dvg¯
=αn
∫
M
|∆(trh)|2dvg¯ −
1
4
Bn
∫
M
|∆
◦
h|2dvg¯
=−F (ϕ∗g) + E3
≤|E3|
≤C0
∫
M
|h| |∇2h|2 dvg¯.
Suppose g is sufficiently C2-closed to g¯, say ||g − g¯||C2(M,g¯) <
µn
2NC0
, then
||h||C0(M,g¯) ≤ ||h||C2(M,g¯) ≤ N ||g − g¯||C2(M,g¯) <
µn
2C0
and therefore,
µn
∫
M
|∇2h|2dvg¯ = µn
∫
M
|∆h|2dvg¯ ≤ C0
∫
M
|h| |∇2h|2 dvg¯ ≤
µn
2
∫
M
|∇2h|2dvg¯,
which implies ∇2h = 0 on M .
Now we have ∫
M
|∇h|2dvg¯ = −
∫
M
h∆h dvg¯ = 0.
That is ∇h = 0.
Since g¯ is flat, then on a neighborhood Up for any p ∈M , we can find a local coordinates,
such that g¯ij = δij and ∂kg¯ij = 0, i, j, k = 1, · · · , n on Up.
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Under the same coordinates, Christoffel symbols of ϕ∗g are
Γkij(ϕ
∗g) =
1
2
(ϕ∗g)kl (∂i(g¯jl + hjl) + ∂j(g¯il + hil)− ∂l(g¯ij + hij))
=
1
2
(ϕ∗g)kl(∇ihjl +∇jhil −∇lhij) = 0
on Up, since h is parallel with respect to g¯.
Thus the Riemann curvature tensor of ϕ∗g vanishes identically on Up for any p ∈M , which
implies that the metric ϕ∗g is flat and so is g. 
Remark 5.8. Fischer and Marsden proved an analogous result for the scalar curvature. (see
[18])
As an application, we can get the local rigidity of Q-curvature on compact domain of Rn,
which can be thought as an analogue of rigidity part of Positive Mass Theorem.
Corollary 5.9. Suppose Ω ⊂ Rn is a compactly contained domain. Let δ be the flat metric
and g be a metric on Rn satisfying
• Qg ≥ 0,
• supp(g − δ) ⊂ Ω,
• ||g − δ||C2(Rn,δ) is sufficiently small;
then g is also flat.
Proof. Since Ω is compactly contained in Rn, we can choose a rectangle domain Ω′ which
contains Ω strictly. Thus, the metric g is identically the same as the Euclidean metric on
Ω′ − Ω. Now we can derive a metric with nonnegative Q-curvature on the torus T n by
identifying the boundary of Ω′ correspondingly. Clearly, this new metric on T n is C2-closed
to the flat metric, hence has to be flat by Theorem 1.9. Now the claim follows.

It would be interesting to ask whether there is a global rigidity result for Q-curvature. No
result is known so far to the best of authors’ knowledge, but we observed that the global
rigidity holds in some special cases.
Proposition 5.10. Let (M, g) be a closed Riemannian manifold with
Qg ≥ 0
pointwisely. Suppose that g is conformal to a Ricci flat metric, then (M, g) is Ricci flat.
Proof. For n = 4, by the assumptions, there exists a smooth function u such that g = e2ug¯,
where g¯ is a Ricci flat metric on M . By (A.9) in the appendix, we have
Qg = e
−4u(Pg¯u+Qg¯) = e
−4u∆2g¯u ≥ 0.
Hence ∆g¯u is subharmonic on M which implies that u is a constant. Therefore, g is also
Ricci flat.
Similarly, for n 6= 4, there exists a positive function u > 0 such that g = u
4
n−4 g¯, where g¯
is a Ricci flat metric on M . Then by (A.11),
Qg =
2
n− 4
u−
n+4
n−4Pg¯u =
2
n− 4
u−
n+4
n−4∆2g¯u.
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For n = 3, we have
∆2g¯u ≤ 0,
and for n > 4,
∆2g¯u ≥ 0,
which imply that u is a constant in both cases and thus g is Ricci flat.

In particular, we can consider tori T n. First, we need a lemma which characterizes the
conformally flat structure on T n.
Lemma 5.11. On the torus T n, any locally conformally flat metric has to be conformal to
a flat metric.
Proof. Let g be a locally conformally flat Riemannian metric on T n. According to the solution
of Yamabe problem, g is conformal to a metric g¯, whose scalar curvature is a constant.
Suppose Rg¯ < 0, by Proposition 1.2 in [41], the fundamental group of T
n is non-amenable.
But this contradicts to the fact that pi1(T
n) is abelian, which is amenable. Thus, Rg¯ ≥ 0,
which implies that g¯ is flat by famous results of Schoen-Yau and Gromov-Lawson ([39, 40,
23, 24]). 
Now we can derive the rigidity of tori with respect to nonnegative Q-curvature (Theorem
1.10):
Theorem 5.12. Suppose g is a locally conformally flat metric on T n with
Qg ≥ 0,
then g is flat.
In particular, any metric g on T 4 with nonnegative Q-curvature has to be flat.
Proof. By Lemma 5.11, we can see that g is conformal to a flat metric. Applying Proposition
5.10, we conclude that g has to be flat.
In particular for T 4, we have the Gauss-Bonnet-Chern formula,∫
T 4
(
Qg +
1
4
|Wg|
2
)
dvg = 8pi
2χ(T 4) = 0
on T 4. Thus the non-negativity of Q-curvature automatically implies that Weyl tensor Wg
vanishes identically on T 4, which means g is locally conformally flat. Therefore, g is flat by
the previous argument. 
As for dimension 3, we have the following result.
Proposition 5.13. The 3-dimensional torus T 3 does not admit a metric with constant scalar
curvature and nonnegative Q-curvature, unless it is flat.
Proof. Suppose such a metric g exists, its scalar curvature is non-positive and it is flat only
if Rg = 0 (c.f. [39, 40, 23, 24]).
If it is non-flat, without loss of generality, we can assume
Rg = −1.
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Then we have
Qg = −
1
4
∆gRg − 2|Ricg|
2 +
23
32
R2g = −2|Ricg|
2 +
23
32
R2g ≥ 0.
That is
|Ricg|
2 ≤
23
64
R2g =
23
64
.
At any point p ∈ M , choose an orthonormal basis {e1, e2, e3} for TpM such that the Ricci
tensor at p is diagonal. Let λi, i = 1, 2, 3 be the eigenvalues of Ricg(p). Then we have
λ1 + λ2 + λ3 = −1
and
λ21 + λ
2
2 + λ
2
3 ≤
23
64
.
Hence for i 6= j, we have
0 ≥λ2i + λ
2
j + (1 + (λi + λj))
2 −
23
64
=(λi + λj)
2 + 2(λi + λj) + λ
2
i + λ
2
j +
41
64
≥
3
2
(λi + λj)
2 + 2(λi + λj) +
41
64
,
where the last step was achieved by the mean value inequality
λ2i + λ
2
j ≥
(λi + λj)
2
2
.
That is,
(λi + λj)
2 +
4
3
(λi + λj) +
41
96
≤ 0,
which implies that λi + λj < −
2
3
+
√
10
24
< −1
2
.
Then the sectional curvature of the plane spanned by ei and ej satisfies
Kij = Rijji = Riigjj +Rjjgii −
1
2
Rgiigjj =
1
2
+ (λi + λj) < 0.
Thus g has negative sectional curvature. But the torus does not admit a metric with
nonpositive sectional curvature by Corollary 2 in [4], which is a contradiction. 
Remark 5.14. From the last inequality in the above argument, we can easily see that the
conclusion actually allows a perturbation on the metric. That is, any metric on T 3 with
scalar curvature sufficiently C4-closed to a negative constant can not have a nonnegative
Q-curvature, unless it is flat.
Remark 5.15. According to the solution of Yamabe problem, there is a metric with constant
scalar curvature in each conformal class on any closed Riemannian manifold. Thus we can
conclude that for any metric g on T n, if g is not conformally flat, then it must be conformal
to a metric with constant negative scalar curvature. However, Q-curvature cannot stay
nonnegative when performing conformal changes on metrics in general. We hope to develop
some techniques to resolve this issue in the future.
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According to the Bieberbach Theorem (See Theorem 10.33 in [12]), any n-dimensional flat
Riemannian manifold is a finite quotient of the torus T n. So based on Theorem 1.9, 1.10
and above observations, we give the following conjecture:
Conjecture 5.16. For n ≥ 3, let (Mn, g¯) be a connected closed flat Riemannian manifold,
then there is no metric with pointwisely positive Q-curvature. Moreover, if g is a metric on
M with
Qg ≥ 0,
then g is flat.
Remark 5.17. This is a higher order analogue of the famous result due to Schoen-Yau and
Gromov-Lawson ([39, 40, 23, 24]), which says that there is no nonnegative scalar curvature
metric on tori unless they are flat.
6. Relation between vacuum static spaces and Q-singular spaces
In this section, we will discuss the relation between Q-singular spaces and vacuum static
spaces.
Definition 6.1. We say a complete Riemannian manifold (M, g) is vacuum static, if there
is a smooth function f( 6≡ 0) on M solving the following vacuum static equation
γ∗gf := ∇
2f −
(
Ricg −
Rg
n− 1
g
)
f = 0.(6.1)
We also refer (M, g, f) as a vacuum static space, if f( 6≡ 0) ∈ ker γ∗g .
Now we can prove the main result (Theorem 1.11) in this section.
Theorem 6.2. Let MR be the space of all closed vacuum static spaces and MQ be the
space of all closed Q-singular spaces. Suppose (M, g, f) ∈ MR ∩MQ, then M is Einstein
necessarily. In particular, it has to be either Ricci flat or isometric to a round sphere.
Proof. If (M, g, f) is vacuum static, M has constant scalar curvature necessarily (c.f. [18]).
Then the Q-singular equation can be reduced to
Γ∗gf =An
(
−g∆2f +∇2∆f −Ric∆f
)
− 2CnR
(
g∆f −∇2f + fRic
)
(6.2)
− Bn
(
∆(fRic) + 2f
◦
Rm · Ric + gδ2(fRic) + 2∇δ(fRic)
)
=0.
By Contracted 2nd Bianchi Identity
δRic = −
1
2
dR = 0,
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we can simplify (6.2) furthermore,
−
1
Bn
Γ∗gf
=−
An
Bn
(
∇2∆f − g∆2f − Ric∆f
)
−
2Cn
Bn
R
(
∇2f − g∆f −Ricf
)
+ f(∆Ric + 2
◦
Rm · Ric) + g(Ric · ∇2f) +Ric∆f − 2∇2f × Ric+ 2C · ∇f
=−
An
Bn
γ∗g (∆f)−
2Cn
Bn
R γ∗gf + f∆LRic+ g(Ric · ∇
2f) +Ric∆f +
2R
n− 1
fRic+ 2C · ∇f
=0,
where ∆L is the Lichnerowicz Laplacian and C is Cotton tensor,
Cijk =
(
∇iRjk −
1
2(n− 1)
gjk∇iR
)
−
(
∇jRik −
1
2(n− 1)
gik∇jR
)
= ∇iRjk −∇jRik
and
(C · ∇f)jk := Cijk∇
if.
Now suppose g is also vacuum static, then ∆f = − R
n−1f and hence
γ∗g(∆f) = −
R
n− 1
γ∗gf = 0.
Thus we have
Γ∗gf = f∆LRic + g(Ric · ∇
2f) +
R
n− 1
fRic+ 2C · ∇f = 0.
Taking trace and applying the vacuum static equation,
tr Γ∗gf =f∆R + nRic · ∇
2f +
R2
n− 1
f
=nRic ·
(
Ric−
R
n− 1
g
)
f +
R2
n− 1
f
=n
(
|Ric|2 −
R2
n
)
f
=n
∣∣∣∣Ric− Rn g
∣∣∣∣
2
f
=0.
Since in an vacuum static space, df 6= 0 on f−1(0) (c.f. [18]). Then f−1(0) is a regular
hypersurface in M and hence f 6= 0 on a dense subset of M , which implies that
Ric =
R
n
g.
i.e. (M, g) is Einstein.
For a closed vacuum static space, its scalar curvature is nonnegative necessarily. Hence
the assertion follows easily from Theorem 1.3.

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Appendix A. Conformal covariance of Q-curvature and Paneitz operator
In this appendix, we will give a brief introduction to Q-curvature and Paneitz operator
from the viewpoint of conformal geometry.
Let (M2, g) be a 2-dimensional Riemannian surface. Consider the conformal metric g˜ =
e2ug. A simple calculation shows that the Laplacian-Beltrami operator is in fact conformally
covariant:
(A.1) ∆g˜ = e
−2u∆g.
And Gaussian curvature satisfies
(A.2) Kg˜ = e
−2u (−∆gu+Kg) .
For n ≥ 3, a second order differential operator called conformal Laplacian associated to a
Riemannian metric g is defined as
Lg := −
4(n− 1)
(n− 2)
∆g +Rg.(A.3)
If we take g˜ = u
4
n−2 g, u > 0, to be a metric conformal to g, then
(A.4) Lg˜φ = u
−n+2
n−2Lg(uφ)
for any φ ∈ C2(M). Hence Lg can be thought as a higher dimensional analogue of the
Laplacian-Beltrami operator on surfaces. By taking φ ≡ 1, the scalar curvature can be
calculated as follows:
(A.5) Rg˜ = u
−n+2
n−2Lgu.
As a generalization, we seek for a higher order operator which satisfies the similar trans-
formation law. In [34], Paneitz introduced a 4th-order differential operator Pg (people call
it Paneitz operator now) for any dimension n ≥ 3. Shortly after, Branson ([6]) realized
that the 0th-order term in Paneitz operator actually can be defined as a generalization of
Q-curvature for dimensions n 6= 4:
Qg = An∆gRg +Bn|Ricg|
2
g + CnR
2
g,(A.6)
where An = −
1
2(n−1) , Bn = −
2
(n−2)2 and Cn =
n2(n−4)+16(n−1)
8(n−1)2(n−2)2 .
Thus Paneitz operator can be rewritten as
Pg = ∆
2
g − divg [(anRgg + bnRicg)d] +
n− 4
2
Qg,(A.7)
where an =
(n−2)2+4
2(n−1)(n−2) and bn = −
4
n−2 .
In fact, when n = 4, let g˜ = e2ug be a conformal metric, then the Paneitz operator follows
similar transformation law as Laplacian-Beltrami operator on surfaces:
Pg˜ = e
−4uPg(A.8)
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and Q-curvature satisfies
Qg˜ = e
−4u (Pgu+Qg) .(A.9)
As for n 6= 4, let g˜ = u
4
n−4 g, u > 0, then
Pg˜φ = u
−n+4
n−4Pg(uφ),(A.10)
for any φ ∈ C4(M). In particular, by taking φ ≡ 1, we get the transformation law for
Q-curvature:
Qg˜ =
2
n− 4
u−
n+4
n−4Pgu.(A.11)
In fact, Paneitz operator is a higher order analogue of conformal Laplacian.
Based on the similarity between Q-curvature and scalar curvature, one can consider a
Yamabe-type problem for Q-curvature: seeking for constant Q-curvature metrics in a given
conformal class. Many people have contributed to this problem or related problems under
different geometric assumptions.
In particular for closed 4-manifolds, one of the significance for Q-curvature is that the total
Q-curvature is a conformal invariant. Indeed, according to ([20, 21]), Paneitz operator Pg
and total Q-curvature together can provide us some geometric information about manifolds.
Thus under some geometric conditions, the existence of constant Q-curvature metric can be
obtained (c.f. [11, 15, 28]).
As for dimensions other than four, different approaches were applied due to the lack of a
maximum principle. One of the approaches is to understand the relation among Q-curvature
equations, Green’s function of Paneitz operator and certain geometric invariants. We refer
to [36, 29, 25, 26, 27, 22] for readers who are interested in it.
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